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Double field theory describes a massless subsector of closed string theory with both momentum 
^ , and winding excitations. The gauge algebra is governed by the Courant bracket in certain 

^ \ subsectors of this double field theory. We construct the associated nonlinear background- 

independent action that is T-duality invariant and realizes the Courant gauge algebra. The 
action is the sum of a standard action for gravity, antisymmetric tensor, and dilaton fields 
written with ordinary derivatives, a similar action for dual fields with dual derivatives, and a 
mixed term that is needed for gauge invariance. 
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1 Introduction 

Double field theory is a field theory on the doubled torus that arises when the usual toroidal coordinates 
X* are supplemented with coordinates Xi associated with winding excitations. Closed string field theory 
in toroidal backgrounds is, by construction, a double field theory [1]. In recent papers we have started 
the construction of a double field theory based on the massless fields of closed string theory [21 [3] . 
In this theory the gravity field hij, the antisymmetric tensor bij, and the dilaton d all depend on 
the coordinates and Xj. The construction is novel and requires a constraint that arises from the 
Lq — Lq = constraint of closed string theory: all fields and gauge parameters must be annihilated by 
the differential operator 5,5*, where a sum over i is understood. This 'massless' double field theory 
was constructed to cubic order in the fields and to this order it is gauge invariant and has a remarkable 
T-duality symmetry. It is an open question whether a complete nonlinear gauge-invariant extension 
of this massless theory exists. It would not be a conventional low-energy limit of closed string theory, 
and it is not yet clear whether or not this could be a consistent truncation of string theory. It would 
be simpler than closed string theory, however, and the ideas of doubled geometry as well as some of 
the essential features of closed string theory should be more accessible there. Earlier work in double 
field theory includes that of Tseytlin [4j and Siegel [5] . 
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Rather than proceed with the full higher order construction, we will here focus on a subsector of 
the full double field theory satisfying a constraint that is stronger than the one discussed above and 
complete the construction of this subsector. The constraint from string field theory requires that all 
fields and gauge parameters are annihilated by did^, but the strong constraint requires that in addition 
all products of fields and gauge parameters are also annihilated by did^. With this strong constraint 
we were able [3] to find a consistent set of gauge transformations to all orders and show that their 
gauge algebra is governed by the Courant bracket of generalised geometry [71 El El [H] . In this 
paper we continue the analysis and construct the action to all orders in the fiuctuating fields. We do 
so by constructing a background independent action. The fluctuations and the background fields of 
the cubic action give enough clues for the definition of full fields in terms of which the action can be 
neatly constructed. We use the field £ij = gij + bij, comprising of the metric gij and the antisymmetric 
tensor bij^ as well as a dilaton field d. 

A striking feature of our theory is its duality symmetry. If the spacetime is the product of n- 
dimensional Minkowski space M"~^'^ and a torus T'^, string theory has 0((i, d;Z) T-duality symmetry 
[121 113j (see also [U] and references therein). In our formulation, the torus coordinates are doubled, 
and the double field theory has an 0{d,d]'L) symmetry that acts naturally on the 2d coordinates 
(x, x) of the doubled torus. It is formally useful to double the non-compact coordinates also, and our 
double field theory in that case has a continuous 0{n,n) symmetry. In particular, when formulated 
in non-compact M."^^, the double field theory has a continuous 0{D,D) symmetry. Compactifying 2d 
of these dimensions on a double torus breaks this to 0{n,n) x 0{d,d;7j). Restricting the fields to be 
independent of the extra n non-compact coordinates breaks 0{n, n) to the Lorentz group 0{n — 1, 1). 
Then this 0{D, D) symmetry ensures the Lorentz and T-duality symmetries of the compactified cases 
relevant to string theory, and it will often be convenient to simply refer to the 0{D,D) symmetry 
in what follows. The constraint did^ = is 0{D,D) invariant and can be written as O^^Om = 
upon collecting the coordinates and dual coordinates Xi into an 0{D, D) vector X*^ and using the 
constant 0{D,D) invariant metric timn to raise and lower indices, so that O'^Om = "^^^^^a/Sat. 

The strong constraint introduced above is in fact so strong that it means that there is a choice of 
coordinates related to the original coordinates by 0{D,D), in which the doubled fields only 

depend on half of the coordinates: they depend on the x' and are independent of the x'. We refer to 
such fields as restricted to the null subspace with coordinates x' [3|. We shall show that all solutions 
of the strong constraint are in fact related to a conventional field theory by 0{D,D) in this way. 

It is interesting to compare with the work of Siegel |5j, who performed a direct construction of 
the strongly constrained theory discussed above. The gauge algebra, which coincides with ours, was 
his starting point. Siegel also constructed an action, but his formalism is sufficiently different from 
ours that direct comparison is not straightforward. He uses vielbeins and an enlarged tangent space 
symmetry, while we simply use the familiar field £ij and the dilaton. We hope that our identification 
and discussion of the role of the Courant bracket as well as the explicit and concrete expressions for 
the action given in this paper will stimulate further analysis and a detailed comparison. 
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1. gikgji j)Pg^^ j)^g^^ + -g^\vi8ikV'8ji + V^8k^ V'Sij) 



The main result in this paper is the action, which takes the form 

S = j dxdx e~^'^ 

+ {V'd &8ij + V'd V^Sji) + 4D'dVid 

In this action, the cahigraphic derivatives are defined by 

_d__ _d_ - 

ax* oxk 



(1.1) 



d ^ d 

ax* axfc 



and all indices are raised with g'^^ , which is the inverse of the metric gij = ^{Sij + £ji) 
transformations that leave the action invariant take the form 



6£,, 



5d 



(1.2) 
The gauge 

(1.3) 



Here ^^Om = Cdi + iid^ and dui^ = diC + d'^^i- All fields, gauge parameters, and all possible 
products of them are assumed to be annihilated by O^^Om- The algebra of gauge transformations is 
governed by an 0(-D, D) covariant "C-bracket" [5l[3] which reduces to the Courant bracket when fields 
and gauge parameters are T-dual to ones that are independent of winding coordinates. This action 
is also invariant under the non-linearly realized 0{D,D) duality transformations that transform £ 
projectively and leave the dilaton invariant. Using matrix notation. 



£'{X') = {a£{X) +b){c£{X) + dy\ d'{X') = d{X) , X' = hX , 



where 



h 



a b 
c d 



G OiD,D) . 



:i.4) 



;i.5) 



Finally, when fields are assumed to be independent of the x coordinates, the action (jl.ip reduces 
to a form that is field-redefinition equivalent to the familiar action 



dx\ 



-20 



R + 4(5(^)^ 



1 

12' 



(1.6) 



— 2rf 

e so 



In particular, the usual scalar dilaton (f) is related to the field d used here by \/—ge~'^'^ 
that e"^'^ is a scalar density. A by-product of our analysis is that we find the explicit form of the 
field redefinitions that relate the metric and 6-field variables used in string theory to those used in the 
conventional Einstein plus 6-field theory (see ^2.2p . completing the work of Refs. |151 [2]. 

There has been some interest in gravity theories that replace the metric with a non-symmetric 
tensor field; see e.g. |16] . The field £ij is non-symmetric, and we believe (II. ip is a natural action 
written in terms of this variable. After rotating to a T-duality frame in which all tilde-derivatives are 
zero, the action (given in (13. ip ) is a rather simple rewriting of the conventional action S^, using the £ 
field variable. The theory defined by (jl.ip provides therefore a reformulation of S^, in which 0{D, D) is 
a symmetry. Moreover, in contrast to theories of non-symmetric gravity of the type discussed in [16j, 
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here the symmetric and antisymmetric parts of £ij do not provide irreducible representations of the 
gauge and duality symmetries but rather transform into each other. 

All terms in the action (jl.ip contain two derivatives. It is natural to examine a tilde-derivative 
(d) expansion S = S^^^ +5'*^-'^) + 5'^^) where S^^^ contains k tilde derivatives. The action S^^\£,d,d) is 
obtained by setting all terms with tilde-derivatives to zero and thus, as mentioned above, is equivalent 
to S^. It is interesting that S^"^^ is in fact equal to S^^\£~^,d,d), the conventional action for gravity, 
6-field, and dilaton but with £ — )• £~'^ and 5 — )• 5, the changes associated with inversion duality. The 
action is a curious mix, with terms that involve one derivative of each type. Gauge invariance 
of the action will be demonstrated explicitly using a similar tilde-derivative expansion of the gauge 
transformations. Specifically, the gauge transformations (|1.3p can be rewritten as 

6^£ij = C^£ij + di^j - djii (1.7) 
+ Cfij-£,Jd''i' -~d'e)£ij ■ 



Here, and £^ are the Lie derivatives with respect to the parameters ^* and respectively. We 
note that, despite appearance in (jl.3p . these two gauge parameters enter completely democratically 
as they combine naturally into the 0{D, D) vector = (^i,^*). In fact, we will show that under the 
inversion duality £ — >• <f d ^ d the role of ^* and in ()1.7p gets precisely interchanged. 

We give some preliminary discussion of an attempt to formulate an ^0{D,D) geometry'. The 
analysis of 0{D,D) invariance of the action and covariance of the gauge transformations is facilitated 
by the introduction of 0{D,D) 'covariant' derivatives that map 0{D,D) tensors to 0{D,D) tensors. 
We also construct an 0(1), L')-invariant scalar curvature TZ{£,d), all of whose terms contain two 
derivatives (see eqn. ()4.33p ). Being a scalar means that it transforms under gauge transformations as 
S^TZ = ^^^OmTZ- Since e"^"^ is a density we obtain an 0{D,D) invariant and gauge invariant action 
by writing 

S' = j dxdxe-^'^n{£,d) . (1.8) 

The two actions S' and S in (II. ip differ by integrals of total derivatives and so are equivalent. It 
is a nontrivial fact that the dilaton equation of motion following from (jl.Sp is simply 7^ = 0. The 
variations of d within TZ combine to a total derivative and do not contribute to the field equation. 
When we set tilde-derivatives to zero we find that, after the field redefinition that trades d for 0, the 
scalar H becomes 

n{£,d) , = i? + 400 - 4(90)2 - -^^2 . (1.9) 

9=0 12 
Thus assuming that all fields are independent of the x coordinates the action S' (without discarding 
total derivatives) becomes: 



Si = I dx^/^e-^^ 



(1.10) 



This action inherits the curious property of S': the equation of motion for the dilaton is precisely the 
vanishing of the terms in the square brackets. Note that this is not true for the action in (11.61) . The 
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curvature TZ is precisely the beta function /3 for the 0{D,D) scalar dilaton d. The spacetime action 
in [IT] used a Lagrangian proportional to (3'^. The gauge scalar Tl{£,d) is also an 0{D,D) scalar and 
can be viewed as a generalization of the scalar curvature of Einstein's theory. It is interesting that the 
object that admits a generalization is the precise combination of terms indicated in (|1.9p . 

We also investigate the relation between the 0{D, D) duality symmetry and the gauge symmetry. 
We show that GL{D) transformations and constant shifts of the 6-field are special gauge symmetries, 
but in general the remaining 0{D, D) transformations do not arise from gauge symmetries. However, 
we find that in the special case in which we truncate the theory to one with fields that are independent 
of d coordinates and their d duals there is an 0{d,d) symmetry that arises from gauge symmetries. 
This gives a geometric insight into the 0{d, d) symmetry [2S] that emerges from Kaluza-Klein reduction 
on a d-torus. 



2 Action and gauge transformations 

In this section we start by proving background independence of the cubic action given in [2J. Then we 
determine the manifestly background independent form both for the action and the gauge transforma- 
tions to all orders in the fluctuations. In addition, we prove the 0{D^ D) invariance of the action and 
the 0{D,D) covariance of the gauge transformations. Finally, we show that the strong form of the 
constraint d^^dM = guarantees that one can always find an 0{D, D) transformation that rotates to 
a duality frame where all fields are independent of the winding coordinates. 

2.1 Background independence 

In p] we constructed the double field theory action for the dilaton d and the field eij giving the 
fluctuation in the metric and anti-symmetric tensor gauge field around the constant background Eij = 
Gij + Bij . The action was obtained to cubic order in the fields Cij and d and takes the form (with 
= 1): 

S=J [dxdx] ^e^j^e'^ + ^i&Cijf + ^{D'ajf -2dD'D^eij - idBd 
+ AeijdD'DH + Ad^Ud 

In [2] the corresponding gauge transformations were found to linear order in the fields and this action 
was shown to be invariant under these gauge transformations up to terms quadratic in the fields, 
provided the fields and gauge parameters are annihilated by did^ . The background dependence in the 
action enters through the derivatives 

A = ^-i?.fc^, A = ^ + J^, (2.2) 



(2.11 
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and the inverse metric G*-' , which is used to raise indices in this subsection. Note that the field Cij 
and the derivatives Di and Di are defined with indices down. 

Background independence is a property that the above action should inherit from the full string 
theory. This means that one can absorb a constant part of the fluctuation field Cij into a change of 
the background field Eij. The dilaton plays no role in the background dependence; we will display 
only the E and e dependence in the action and write S[Eij, eij]. Let Xij be an infinitesimal, constant 
part of the field . The statement of background independence is that 

S[Eij , dj + Xij] = S[Eij + Xij , e'ij = eij + fij{x, e)] , (2.3) 

where /(Xi e) is a function that is linear in x and to leading order linear in Cij. This function is needed 
in general; it means that the new fluctuation field e'^ is a field redefined version of eij. Note that 
vanishing e must imply vanishing e', for consistency. Thus, there is no ejj-independent term in fij. 
Letting Eij E^j — Xij and noting that to leading order 

eij = e'ij- fij{x,e'), (2.4) 

we have 

S[Eij-Xij, e',j + Xij-fij{x,e')\ = S[Eij , e^] . (2.5) 
Dropping the primes, the condition of background independence to leading order in e becomes 

S[Eij - Xij , eij + Xij - fijix, e)] = S[Eij , eij] + O(e^) . (2.6) 

With the action calculated to cubic order, we can only determine the leading terms in fij, those linear 
in e. Our check of background independence fixes fij to be 

fijix, e) = h (x^'efc, + x^e,fe) + 0{e^) . (2.7) 

Recall that indices are raised with G*-' . 

We now explicitly check the background independence to quadratic order by confirming that 6S = 
up to terms cubic in fields under the variations 

^eij = Xij - ^{Xi'^ekj - X^j^ik) , ^Eij = -Xij • (2.8) 

The background shift changes by 

6G'^ = x^''^ = \ {X''+X'') , (2.9) 

with x^^ = G'^^XklG''^ ■ The full variation of eij is needed for quadratic terms in the action, but 
only the leading part is needed for the cubic terms. For the computation it is useful to recall that 
= \{D^ - D^), which implies that 

8Di=^-Xik{D'' -D^) , 6Di = ^XkiiD" - D") . (2.10) 
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These lead to 



6a = 6{G'WiDj) = x'^DiDj. (2.11) 

This identity in fact suffices to prove the background independence for the terms quadratic in the 
dilaton in the action (j2.ip . Indeed, the fohowing variations cancel 

S(-4dDd) = -Adx'^DiD^d, 
6{4eijdDW^d) = ixijdDW^d. 

Checking the terms linear in d is relatively straightforward. For structures quadratic in e, the variation 
of the bilinear terms gives 

^£(2) = ^x^'e^WkDiSij + ^x'^WmeijDke"' + ^x'"'D^e,jD,e''^ . (2.13) 

One can verify that, up to total derivatives, this variation is cancelled by the variation of the terms 
cubic in e^j. We note that these computations do not require using the constraint did^ = 0. 

Having checked background independence, we can introduce a field £ij that combines the back- 
ground Eij and the fluctuation eij and is background independent in the sense that it is invariant 
under the transformations (|2.8p . We find that 

£ij = Eij + eij + ]^ei^ekj + ©(e^) , (2.14) 
has this property. Indeed, under (|2.8p . 

58ij = SEij + Seij + ^Sei'^ekj + ^Ci'^Sekj + 0{e^) 

= -Xij + Xij - \ [Xi^euj - x^jeik) + \xi^ekj + ^Ci'^Xkj + 0{(?) (^-^^^ 

= + 0(6^). 

Note that the index contraction ei^ekj on the right-hand side of (j2.14p breaks the 0(1?, D) covariance, 
as will be discussed in subsection 12.41 These are the first terms in the full non-linear form of E in 
terms of E and e that was found in [3l [15] and which will be discussed in the next subsection. It 
was shown in [3] that upon setting all d derivatives equal to zero, the field E has the familiar gauge 
transformations associated with gravity and the antisymmetric tensor field. 

2.2 The gauge transformations in background independent form 

In [2], the action to cubic order in the fields was found to be (j2.ip . and the corresponding gauge 
transformations preserving this action were found to linear order in the fields. Reference [3] considered 
the situation in which the fields and gauge parameters are restricted to lie in a totally null subspace 
of the doubled space i.e. a subspace in which all vectors are null and mutually orthogonal. Such a 
restriction arises when the fields and parameters are all independent of x, or any configuration related 
to this by T-duality. The restriction guarantees that the strong form of the duQ^^ = constraint holds. 
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With the restriction, the full gauge transformations to all orders in the fields are in fact quadratic in 
the fields [3J and given by: 



dxCij = DiXj + DjXi 

+ ^{X-D + ~X- D)eij + i (AA'^ - D^Xi) etj - eik ^(^'A, - ^.A'^) (2.I6) 

-^e,fc (Z^'A^ + ^'^AV,,, 

where Aj and Aj are independent real parameters. In [3] these gauge transformations were shown to 
close according to the so-called C-bracket. To define this bracket we introduce new gauge parameters 
^ and defined by 

A, = -li + Ei^i} , A, = e^ + E.jii^ . (2.17) 

Using these parameters we can write the gauge algebra in a manifestly 0{D, D) covariant form. More 
precisely, if we assemble ^* and into the fundamental 0{D,D) vector 

= 0i) , (2.18) 

the closure of the gauge transformations defines the algebra [5^-^^, = — (5[^^^^2]c' where the C-bracket 
[• , -Jc is given by 

[6,6] c = ^idr,^¥ - \ V^'^'r^PQ ^rdN^^ "(1^2). (2.19) 

The bracket (j2.19p was the starting point for the construction of Siegel [5] . In generalized geometry this 
is a bracket for a 'Courant bi-algebroid', and when restricted to fields and parameters independent 
of tilde coordinates, it reduces to the Courant bracket; see the discussion in [3j. The background 
independent form of the gauge transformations we are about to derive provide just a rewriting of 
the symmetry transformations, and therefore they will close according to the same bracket. Thus the 
gauge algebra of the background independent theory can be said to be defined by the Courant bracket. 
Let us now turn to the rewriting of the gauge transformations (12.161) . We first write them as 

5xeij = ^{X-D + X- D)eij + DiXj + D^Xi + ^ (Aa'^) ekj + ^eik DfX'' , (2.20) 



where 



b, = Di- D\ Dj = Dj-^ ekjD'' . (2.21) 



The full metric is gij = Gij + hij and the antisymmetric tensor gauge field is bij = Bij + bij where Gij 
and Bij are constant background fields. These are combined into 

^ij = -\- Cij , (2.22) 

where eij = hij + bij. It was shown in [3] that the field e-ij is related to {eij,d) by eij = fij{e, d), where 

/= (l-^e)"'e, (2.23) 
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so that 

e = Fe, (2.24) 

where we use matrix notation and 

^= (l-^e)''- (2-25) 

Then the fuh non-hnear form of ()2.14p is 

£ij = Eij+F,''{e)ekj . (2.26) 

Here and in the rest of this subsection, indices i,j are raised and lowered using the background metric 
Gij . 

It is shown in appendix A that for any variation or derivative 

S£ = 5e = F6eF . (2.27) 
Rewriting the gauge transformations using this naturahy involves the derivatives 



Di — FijDj , 

l^i = FjiDj . 



(2.28) 



Remarkably these can be written (see appendix A) in manifestly background-independent form: 



(2.29) 

pre 



From these derivatives one can reconstruct the ordinary partial derivatives through the formulae 

8, = ^ {£j{Di + £^p^) , 5* = i {-V' + V') . (2.30) 

It is useful to rewrite the gauge transformations in terms of the gauge parameters ^* and defined 
in (|2.17|) [3j. Then after some work (see appendix A) the gauge transformations take the manifestly 
background-independent form 

5£^j = Vij - Vjii + i'^dMSij + V,e£kj + VjS!'£ik . (2.31) 

The gauge transformations can be expanded using the derivatives di,d^ as 

5£ij = diij - djii 

+ ik d^Sij - d^ii £kj - d^ij £ik 



(2.32) 

ij -f- Uii; Ckj + Oji; Cik 
+ £,,{d''e-d''C'')£,j. 



+ ^''^k£^j +di^''£kj + d,^''£i, 



Along with the standard Lie derivative with respect to we introduce a dual Lie derivative with 
respect to the tilde parameter 

^i^ij = ikd^^ij — d^ii^kj — d^ij^ik ■ (2.33) 
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The gauge transformations (j2.32p can then be written more compactly as 

6^£ij = dij - dji^ + Li,e,j + Eik (d'it - d^i""^ + l^fio ■ (2.34) 

For fields and parameters that are restricted to be independent of x so that 9* = 0, this reduces to 

bEij = C^Eij + diij - djii , (2.35) 

which is the standard form of a diffeomorphism with the infinitesimal vector field ^* and a two- 
form gauge transformation with the infinitesimal one- form ^j. The gauge variation of the inverse 
£i3 = [£^^).. is then 

Sgij = -E'^ 6£ki 

= d'e - d^e + ^kd'^r^ + d'ikS^^ + d^ikS'^ (2.36) 

We can write this result as 
where 

C^£'^ = ik~d^£'^ + ~d'ik£''' + 'd'ik^'^ . (2.38) 

By comparing with (|2.34p we infer that the role of ^ and ^ and of £ and £ are precisely interchanged; 
we shall see later that this interchange is a T-duality. For fields and parameters that are restricted to 
be independent of x so that 9^ = 0, this reduces to 

^gii = Qi^j _ Qj^i + ^ (2.39) 

which is the standard form of a diffeomorphism of Xi with the infinitesimal vector field and a 
two- form gauge transformation with the infinitesimal one- form (Note that here lower indices are 
contravariant and upper ones covariant, so that the signs in (|2.38p are the conventional ones.) 
For the dilaton the full gauge transformation found in [3j is 

M =-^{D-\ + D-\) + ]^{X-D + \-D)d, (2.40) 

and can be rewritten as 

5xd =-^aA/e*' + ^*'9Afd. (2.41) 

The gauge transformations are reducible - there are "symmetries of symmetries" . One can verify 
that parameters of the form 

^m^qM^ ^ ei = 9a, e = d'x, (2.42) 

generate gauge transformations (j2.3ip . (j2.4ip that leave the fields unchanged, so that they are trivial 
gauge transformations. The transport term is ^^^dM£ij = d^^ x9M£ij = because of the strong form 
of the constraint. For the rest of the terms a small calculation is needed: 

6£ij = VidjX-T>Ax + 'r>i~d\£kj + Vj~d\£,k 

= -£^k^''^,x - ^kjh'^d.x + d^b'^x^ko + ^3~^''x^^k 
- £,,id'^d'x)Skj + £gji^'^^''x)S^k = . 
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2.3 Constructing the action 

The analysis in the previous subsection led to a background independent field £ij defined in (j2.26p 
(see also (j2.14p ). In this section, we use this to construct a background independent action that 
agrees with (|2.ip to cubic order. There is, however, a significant constraint. The action ()2.ip only 
has 0{D,D) consistent index contractions while the redefinition (j2.26p contains 0{D,D) violating 
contractions. It is a stringent consistency test that the action in terms of £ij should only have 0{D, D) 
consistent contractions. We find a non-polynomical action that is background independent and has 
only consistent index contractions. In the following sections, we check that this action is duality 
covariant and gauge invariant, so that it must be the full non-linear action. 

Given that the action to be constructed involves £ it is natural to modify the derivatives (j2.2p and 
use the calligraphic derivatives (I2.29P introduced in the previous subsection. From these derivatives 
one can reconstruct the ordinary partial derivatives through the formulae ()2.30p . The constraint 
dMAd^ B = 0, or equivalently diAd^B+d^AdiB = takes a simple form using calligraphic derivatives. 
A short calculation shows that it is equivalent to 

V'A ViB = VA ViB . (2.43) 

We also must have for any A: 

did' A = , (2.44) 
or equivalently dud^ A = 0. Using ()2.30p this constraint can be written with calligraphic derivatives as 

£ij {VW' - V'V^ - + V'V^) A = . (2.45) 
We define g'^^ as the inverse of the metric Qij = ^{£ij + £ji)- A short calculation shows that 

gij = - e(^^) + ^e'^e\ + ^e^'ej,^ + 0{e^) . (2.46) 

Indices on the fluctuation field ejj are raised with the constant background (inverse) metric G'K The 
calligraphic derivatives can be written in terms of D,D derivatives and fluctuations 

: : (2.47) 

Vi = D, + -eu{D^ -D^) + -ek'eu{D^ -D^) + 0{e^) . 

The indices on the calligraphic derivatives will be raised with the full metric g''K We thus find: 

, : (2.48) 

An action written only using the calligraphic derivatives, g^^ , £ij and d will be manifestly back- 
ground independent. As discussed in the following subsection, it will be duality covariant provided 
the index contractions all satisfy the rules of contraction formulated in [2]. Our strategy now is to 
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seek such a background independent duality covariant action that agrees with the action (j2.ip to cubic 
order. The dilaton theorem states that a constant shift of the dilaton is equivalent to a change of the 
coupling constant. This theorem is manifest in actions where the dilaton appears in an exponential 
prefactor that multiplies all terms in the Lagrangian, and all other occurrances of the dilaton involve 
its derivatives. We thus aim for an action where the overall multiplicative factor takes the conventional 
form e"^*^ and elsewhere the dilaton appears with derivatives. 

We now begin the computation. The {—4d\I\d) term in the action (12. ip could come from a term 
^Q-'^d.gVD^d'Djd. Expansion in fluctuations gives the desired quadratic term and extra cubic terms: 

Ae'^'^g'^VidVjd = -AdDd + Ae'HDiDjd + Ad^Ud - 2d^D'D^eij + (td) , (2.49) 

where (td) stands for di and 9* total derivatives, (td) = duv^^ for some . These terms can be 
ignored as we integrate to form the action. For the quadratic terms mixing the dilaton and eij we use 

e-^'^{V'd&£ij + &dV'£ij) = -2dDW^eij + de'^DiD^ekj + D^D^e.k) 

+]^d{D'e^jf + ]^d{&eijf (2.50) 

+^dD^e'^ Didj + ^dD'e''^ DkC^j + 2d^ D'D^eij + (td) . 

To obtain the terms quadratic in eij we need three structures 

^e-^<igkijyj^,^jyi^,^ = ^{D'cikf - \eij D^e^' &eki - \dD^eik I?'e/' + (td) , (2.51) 

^-e-^''g^'f)^£kiV'£ij = ^i&ek^f - ^ajD'eki&e''^ - ^d&e''' DiCkj + (td) , (2.52) 

-le'^''g''g''VP£kiVp£ij = le^iQe,, + ie^^ Ae'^' (2.53) 

+^dD'e^'' DiCjk + ^dD^e^'^Diejk + (td) . 

In all of the above equations we are ignoring terms of higher order than cubic in the fields. We also 
note that here the constraint dud^^ = is not used. The five structures above, added together, give 
the action 



S = j dxdx e-^'^ [ - ^ g^'^g^' VP£ki Vj,£,, + ^g^' {V^£ik-D%i + &£k^ f>'£ij) 



+ {V'd V^£ij + V'd V^£ji) + AV'dVid 



(2.54) 



and, by construction, reproduce all quadratic terms in the action (|2.ip . Remarkably, they also repro- 
duce precisely the cubic terms in (j2.ip . with no further terms needed! 

Terms have been grouped in parentheses to make the Z2 symmetry of the action manifest. This 
symmetry, discussed in [2J, exchanges the indices in £, exchanges barred and unbarred derivatives, and 
leaves the dilaton invariant. For the first and last term the constraint (I2.43P is needed to guarantee 
the Z2 symmetry of the action. 
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Making all metrics explicit, the action is 




g'^g^^ {Vd VjSki +V,d VjSik) + Ag'^Vid Vid . 



) 



(2.55) 
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This action is background-independent and, as we will show in the next subsection, it is invariant under 
T-duality. Any non-trivial background independent term with two derivatives that could be added to 
S would also contribute to the quadratic and cubic actions and so would spoil the agreement with (j2.ip . 
Thus we conclude that S is the complete background independent action! Indeed, we will establish 
that this is the case, and in particular show that S is invariant under the gauge transformations (|2.3ip . 
is duality invariant, and reduces to the standard action for suitably restricted fields. 

2.4 0(D,D) invar iance 

The action (12. ip was proven in [2] to possess T-duality covariance. In that work a notation was used 
that allowed to deal with T-duality transformations in a theory with both compact and non-compact 
directions. The spacetime has dimension D = n + d and is the product of n-dimensional Minkowski 
space R"~^'^ and a torus T*^. Although we write 0{D,D) matrices, the ones that are used describe 
T-dualities that belong to the 0{d, d) subgroup associated with the torus. The subgroup preserving 
the periodicity conditions of the doubled torus is the discrete group 0{d,d;Z), and this is the proper 
T-duality group. It is interesting to note, however, that our action could also be used for a situation in 
which all coordinates are non-compact but are nonetheless doubled, so that we have 2D non-compact 
coordinates x,x. For such a set-up, the theory formally has a continuous 0{D,D) symmetry and for 
this reason we will not always distinguish here between the discrete and continuous groups, and will 
refer to both as T-dualities. We stress, however, that the case relevant to string theory is that in 
which there are d compact coordinates and their doubles, with T-duality group 0{d, d; Z). 
The 0{D,D) matrices h take the form 



If the background field E is viewed as a parameter in the action (j2.ip , then any change of its value would 
represent, a priori, a different theory. The T-duality covariance of ()2.ip established the equivalence 
of two such actions written with different backgrounds E and E' related by T-duality. Of course, 
if we transform both the background and the fluctuations, we get an invariance of the action. In a 
background independent formulation, like that of (j2.54p . the invariance is natural since we transform 
the full fields that include background and fluctuations. The doubled coordinates X^^ transform 
linearly under 0{D, D) 




(2.56) 




(2.57) 



The derivatives Om = (i9*,9j) then transform as 



d' = {h-^fd. 



(2.58) 
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It was argued in [2] that the dilaton should be an 0{D,D) 'scalar': 

d'{X') = d{X) , (2.59) 

while the transformation of £ij should take the fractional linear form 

£'{X') = {a£{X) + b)ic£{X) + d)-^ , (2.60) 

when written in terms oi D x D matrices. For the special case in which the fields are independent of 
the toroidal coordinates and their duals, these are the familiar Buscher transformations. 

It is useful to introduce matrices M{X) and M{X) that control the transformations of certain 
tensors: 

M{X) = d^ - £{X)c^ , M{X) = d* + £\xy . (2.61) 

Similar matrices were defined in but with the constant background E instead of the position- 
dependent £{X). We record some useful identities: 

6* - £a^ = -M{X)£' , 

(2.62) 

6* + £:*a*= M{X)£'K 

The 0{D,D) transformations of the inverse metric can be given in two equivalent forms, one 
in terms of M and one in terms of M. The transformations are found following the arguments used 
in [1] and give 

g-' = {M^^ g'-^ M-\ g-' = {MY' g''^ M'^ (2.63) 

Here M and M depend on X, g depends on X and g' on X' , so that e.g. the second expression is 
g'^iX) = {AP)-'^{X)g'-^{X')M-^{X). The matrices M and M also control the transformation of 
the calligraphic derivatives: 

Vi = Mi'' V'k, Vi = m'' . (2.64) 

We will refer to quantities transforming in this way with the matrices M and M acting on the 
indices as transforming covariantly or tensorially under 0{D,D). Our definition may be a little per- 
verse, as it differs from the usual usage for tensor representations of 0{D, D) in which transformations 
such as (|2.57p would be termed covariant. Then the inverse metric and the calligraphic derivatives 
transform tensorially. The transformation properties can be indicated using barred and unbarred in- 
dices, as in [2]. In this notation, we use lower unbarred indices for indices transforming with M, lower 
barred indices for indices transforming with M, upper unbarred indices for indices transforming with 
M"^ and upper barred indices for indices transforming with M . 

In this terminology, an 0(-D, D) tensor 7ii...jpji...jg(-'^) has a number of unbarred and barred indices 
and transforms as follows: 

T.....,3...3SX) = ^n'^ • • • ■ ■ ■ T'k....k,,H..lM') . (2.65) 

Here and throughout this section, M = M{X) and M = M{X) depend on X, not X' . In other 
sections of the paper, we drop the bars and just write Ti-^...ip,ji...jqiX). An 0{D, D) tensor with upper 
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indices transforms as 



^ jjfk,...kp,h...i,^^,-^ ^M-^)^^ . . . {M-^)^^ (M'^h^ ■ ■ ■ (M-i)> . (2.66) 

With index notation and explicit barred and unbarred indices, the transformation of in (j2.63p is: 

= {M'-'f.g'P^ (M-1)/ , = {M'-'y^g'P'^ (M-i)/ , (2.67) 

or eUminating the transposes, 

= iM-')ig'P^ (M~i)/ , g'^ = g'^^^ {M-\^ . (2.68) 

Note that the inverse metric can be viewed as an object with two unbarred upper indices or two barred 
upper indices. This means that g'^^ = g^^ when i = i and j = j. The transformations (|2.65p and (|2.66p 
are then consistent with using the metric g to raise and lower indices. Our calligraphic derivatives 
transform as (|2.64p . so the index on the T> is of barred type and the index on T> is unbarred. 

The field £{X) transforms projectively, as indicated in (|2.60p . but variations of the field transform 
as an 0{D, D) tensor. Defining £' + 5£' as the image of £ + 5£ under an 0{D, D) transformation, one 
finds that 5Sij{X) and 5£-j{X') are related by 

6£{X) = M{X) 5£'{X')M\X) , (2.69) 

which means that the first index in 5£ is unbarred and the second is barred. This relation applies to 
any variation or derivative: 

di£ = M d,£'M^ , d'£ = M d'£'M^ , (2.70) 
and therefore it also applies for calligraphic derivatives in the form 

Vi£ = MVi£'M* , Vi£ = MVi£'M^ . (2.71) 

Note that the T) and T> derivatives are identical on both sides of these transformations; the £^s 
within the derivatives have not been transformed. Inserting all indices in the above and using the 
transformation (j2.64p of the calligraphic derivatives 

V,£,k = " M/ M/ V'^£'^, , V,£,k = ^M/ Mk'V'^£'^, . (2.72) 

Thus calligraphic derivatives of £ are 0{D,D) tensors! With barred and unbarred indices, these are 
Vi£f^. and Vi£f^.. 

Using barred and unbarred indices, the Lagrangian in ()2.54p can be written as 



C = e 



-2d 



--J^g^'VP£,jV,£,. + -ig^^V^£,-,V^£^j + g^'fP£^j'&£,^ 

^ ^ ^ (2.73) 

+ {V'd Vhfj + VM V^£ji) + AV'dVid ' 



We see that all appearances of £ are with single calligraphic derivatives, thus as 0{D, D) tensors. More 
than one derivative or no derivatives on £ij would imply complications with 0{D,D) covariance. Since 
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all contractions in the above Lagrangian are between upper and lower unbarred indices or between 
upper and lower barred indices, the Lagrangian is an 0{D,D) scalar: 

C'{X') = C{X) . (2.74) 

As the measure is invariant, this establishes the 0{D,D) invariance of the action. 

The 0{D,D) covariance of the gauge transformations is more nontrivial to verify. We have (j2.3ip 
that reads 

S£ij = Viij - Vjii + ViC^Skj + VjC^Sik + C^^M£^j ■ (2.75) 
Here the gauge parameters can be grouped into the 0{D, D) 'vector' 

e = . (2.76) 

We have the transformation ^' = /i^, which implies that ^ = h^^^'. Using (I2.56p . we find for the 
components in (|2.76p 

f=d*e' + fe*e', e = c*f' + a*e'- (2.77) 
Using this, (I2.64p . (I2.69p . and noting that the operator ^^'^du is 0{D,D) invariant, (|2.75p becomes 

+ Mi '=p;(c* e + a* er^pj + M/mc' e + a* o^s^k (2.78) 

Expanding out the derivatives and combining terms we readily find 

M, '^M/ 6£',, = M, ^ V',i[ {d + c£)e, - M/V'.i', (d* - £c%k 

+ V',e\a£ + b),j + M/V[£;\£a' - b),k (2.79) 

+ M>M/(e'"^9;,4.) ■ 

We now identify using ()2.6ip and (|2.62p 

+ Mi ^ V[C'^{£'M%j + M/{M£% V'^^'p (2.80) 
+ M,'M/{c"'d'M£l^). 

This finally yields 

'M/6£',, = M, 'M/ ( P^l; - + V[e£'pe + -r^e&S'kp + C"'d'M£i,) . (2.81) 

Deleting the matrices M and M we find that the gauge transformations for the primed variables take 
exactly the same form as those for the unprimed variables. This confirms the 0{D,D) covariance 
of the gauge transformations. Thus the action and the gauge transformations are consistent with 
0{D,D) symmetry. 
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2.5 The strong constraint and restricted fields 

The strong constraint requires that all fields and gauge parameters and all of their possible products 
and powers are annihilated by O^^Om- We will show here that this constraint implies that all fields 
and gauge parameters are restricted in the sense of [3]: they depend only on the coordinates of a 
totally null subspace A^, so that the theory is related by an 0{D,D) transformation to one in which 
all fields and gauge parameters depend on x but do not depend on x. Note that here we only consider 
classical field theory, so that all products of fields are conventional classical products. 

The constraint means that for any two fields A and B, O^'^OmA = d^^duB = as well as 

dM{AB) = 0, which requires 

d^AduB = 0, (2.82) 

or equivalently diAd^B + diBd^A = 0. Indeed, if this is true, d^^d]\[ will annihilate all multiple 
products or powers of fields. 

Consider first a field comprised of a single Fourier mode 

= Ae^(P'*»+P"^") . (2.83) 

As {x^x) transforms as a vector under 0{D,D), the 'dual vector' 

Pm = ^^/J (2.84) 

also transforms as a vector under 0{D,D). In terms of (12.84p . the constraint O^OmA = implies 

B'diA = ^ p'pi = ^ P-P = r]^^PMPN = . (2.85) 

The momentum vector P corresponding to each Fourier component of each field is then a null vector. 
Moreover, the constraint (j2.82p implies that any two momentum vectors Pa^Pp associated with two 
Fourier components (of the same or different fields) must be orthogonal, so that 

Pa • = V a, /? . (2.86) 

Then all momenta P^ must lie in a subspace of M^'^ that is totally null or isotropic, i.e. any two 
vectors in the space are both null and are mutually orthogonal. 

The maximal dimension for such an isotropic subspace is D and a maximal isotropic subspace is 
one of dimension ~ it is maximal as there can be no isotropic space of dimension larger than D. 
The canonical example of a maximal isotropic subspace is the subspace T* C spanned by P's 
with p = 0, so that 

Pm = r j . (2.87) 
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This is the momentum space when all fields depend on x and not on x, so that all momenta lie in 
T* . Any isotropic subspace is a subspace of a maximal one0 Then the strong constraint implies 
all momenta must lie in some maximal isotropic subspace of dimension D. This implies that all 
the fields and gauge parameters are restricted to depend only on the coordinates of a totally null 
D-dimensional subspace of the 2Z)-dimensional double space. In [3] we considered the subsector of 
double field theory in which all fields and parameters are restricted in this way. Thus we find that the 
strong constraint used here is equivalent to the restriction of all fields and parameters to a maximally 
isotropic subspace, as stated in [3]. 

Now, any maximal isotropic subspace of M^'^ is related to any other by an 0{D, D) transformational 
Then the strong constraint implies that all momenta lie in a totally null subspace that is related by an 
0{D, D) transformation to the canonical one in which p = 0. As a result, any subsector of the double 
field theory satisfying the strong constraint is related by an 0{D, D) transformation to the canonical 
subsector of fields with no dependence on the winding coordinates. 

Suppose that there are some compactified dimensions, so that = {x^,x°') where x^ are n 
coordinates of R"~^'^ and are periodic coordinates of T'^. The doubled space then has further 
coordinates xi = (x^,Xa) with Xa periodic and non-compact. As discussed in [3], the physically 
interesting case is that in which the fields are independent of the x^, so that = 0. The toroidal 
momenta Pa^p"" are discrete and lie in a discrete lattice F C M^'^, so that the space of allowed momenta 
is X r. The subgroup of 0((i, d) preserving V is the T-duality group 0{d, d; Z). We have seen above 
that the strong constraint implies that the momenta lie in a totally null subspace A^ of that is 
related to the canonical one T* by an 0{D,D) transformation. This 0{D,D) transformation is fixed 
once one chooses a basis for A^ and a basis for T* and demands that the m'th basis vector of A^ is 
mapped to the m'th basis vector of T* . Here, the momenta actually lie in the space N' = NCi (M" x T), 
while the momenta for fields independent of x are in T' = T* (M" x T). Choosing the basis vectors 
for A^ and T* to be in A^' and T' respectively fixes an 0{D, D) transformation from A^ to T* that in 
fact takes A^' to T' and so must be in the 0{d, d; Z) subgroup of 0{D, D). 

In summary, the strong constraint (|2.82p implies we can always use the symmetry 0{D,D) or 
0{d, d; Z) to rotate to fields with no dependence on the winding coordinates, which is what we wanted 
to show. 

^Suppose E is an isotropic subspace of dimension n < D. Then it is straightforward to construct a maximal isotropic 
subspace L containing E. Let E± be the space of vectors orthogonal to E; this contains E so can be written as E± — E@F 
for some space F which has dimension 2{D — n). Then it is straightforward to show that A" = T* n F is an isotropic 
subspace of dimension D — n and that L = E(BK is isotropic and of dimension D and so is a maximal isotropic subspace 
containing E. Other such maximal isotropic subspaces can be obtained by acting on L with 0{D, D) transformations 
preserving E. 

^ As discussed in e.g. j9j, maximal isotropic subspaces can be associated with pure spinors of SO{D, D). They split 
into two classes, corresponding to the two chiralities of SO{D, D) spinors, and any maximal isotropic subspace within 
a given class is related to any other in that class by an SO{D, D) transformation. Transformations in 0{D, D) relate 
the two classes, so that any maximal isotropic subspace can be obtained from any other by an 0{D, D) transformation. 
This result can also be seen as a corollary of Witt's theorem |28II29| . 
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3 Reduction to Einstein gravity and derivative expansion 



In this section we are going to check that the action (j2.54|) or (j2.55p correctly reduces to the standard 
one for Einstein gravity coupled to a two-form and a dilaton when the dependence on the Xi coordinates 
is dropped. Next, we discuss a derivative expansion in 9* and use it to verify the full gauge invar iance. 

3.1 Reduction to the Einstein-Kalb-Ramond-dilaton action 



In order to recover the standard action 5"* in (jl.6p we take the action (j2.55p and assume that no field 
depends on the x coordinates. Thus, effectively, we set 5* = 0, which implies T>i = T>i = di and 
= = 5* = g^^dj. The resulting action S takes the form 



S 



dxe 



-2d 



(3.1) 



+ 2d'd d^gij +4:d'ddid 
where we drop a constant volume factor J dx. We now rewrite in terms of g and b: 

£ij — gij ~\~ bij . 

No terms couple derivatives of g and derivatives of b. We find 

S = f dxe~^'^ - ^ g^^g^^gP"^ {dpgu dqgij - 2digip djgkq + dpbu dgbij - Idihp dj 
+ 2d'd d^gij + Ad'ddid 



(3.2) 



jOkq 



(3.3) 



Next it will be convenient to rewrite the terms involving bij such that the two-form gauge invariance 
becomes manifest. For this we note that the gauge-invariant three-form field strength satisfies 
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^g'^g^'g^m^jpHkiq 
1 .^ 



-]g"'g''g'"{dpbkidqbij-2dibipdjbkq) , 



(3.4) 



after relabeling and permuting indices. Using this we get 



S 



dxe 



-2d 



1 , 



1 



^g'^g'' dPg,,dpgki + -g'"'d'gpj ^^gq^ + 2 d'd d^g,, + 4 {ddf - -H 



4" " -'.-i^-- 2 
We now consider the action 5*, conventionally written as 

dx./^e-^'t' 



R + A{d(t>f --H^ 



(3.5) 



(3.6) 



We will show that 5* equals 5, after a field redefinition and discarding the integral of a total derivative. 
The redefinition is 

(3.7) 
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and gives 

Using this in S^, we get 



di(l) = did + ^Ti , Ti = Ti = ^g'^'d^gki . 



dxe 



-2d 



R + g'^TiVj +Arid'd + A{ddf 



12 



(3.8) 



(3.9) 



Let us focus on the Einstein term, and integrate by parts the terms with derivatives of Christoffel 
symbols, 



dxe 



-2d 



+ g'^{T%T,-T\,Vi) 



(3.10) 



where Tijk = gu^^jk = \ {dj9ik + dkgji — digjk)- Further simphfying the terms with the dilaton deriva- 
tives yields 



J dxe-^'^R = J dxe-^^ -id'dVi + 2d'dd^ gij + djg'^Ti - dkg'^ T^j 



+ 5^^(r^r,-r^,r*i) 



Using this in S*, we find that the terms couphng d^d to Fj cancel and we get 

1 



(3.11) 



dxe 



-2d 



2d'dd^g,j+4{ddr -—H' 

ij pfc I ij l-pk 



+ d.g^^T, - d,g^^ T% + g^^ (rf^T, - r^.rfj + g^^T.T^ 
A straightforward computation shows that 



(3.12) 



d.g'^T, - dug'^ T% + g'^ (rf^Tfc - V\^T%) + g'^ViVj = --g'^g^' ^^g^,^.,gu + -^Q^'^d'gvo 9,^ ■ (3-13) 

To check this it is best to see first that ah structures in (j3.13p of the form g^^d^gij cancel out. Then 
the left-over terms combine correctly. With this 



dxe 



-2d 



(3.14) 



This shows that the action is in fact identical, up to total derivatives, to the reduced doubled action 
S in ()3.5p . This is what we wanted to show. 

Since the gauge transformations reduce for 5* = to the standard gauge transformations, it follows 
that the reduced action is gauge invariant. As a warm-up for the proof of the full gauge- invariance it 
will be instructive to verify this explicitly. First, we turn to the derivative expansion in 9, which will 
be useful for organizing the check of gauge invariance. 
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3.2 Tilde derivative expansion, dual structure, and gauge invariance 

Our strategy here will be to work in a derivative expansion in d. We write the action (|2.55p as 

S = 5(0)+5« + 5(2) , (3.15) 

with the superscript denoting the number of d derivatives in the action. In the following we also refer 
to the corresponding Lagrangians defined by 



dxdxC^^K k = 0,1,2. 



(3.16) 



bmce 

£(0) 

contains no d derivatives, S^^^ takes the same form as the action S in equations (jS.ip and 
(j3.5p . but with fields that depend both on and Xi (subject to the constraint) and integration measure 
dxdx. We thus have the expression, corresponding to (j3.ip . 



£(0) ^ £(0) 



£, d, d 



-2d 



+ 2d'd d^gij + Ad'ddid 



qk 



(3.17) 



Performing the split £ij = gij + bij, this Lagrangian can be rewritten as 

£(0) ^ ^-2d( _ IgikgjiQPg^^ Q^g.^ + ^g^^d^gik B^Q^i + 2d'dd^gi, + Ad'ddid - 



(3.18) 



which corresponds to (|3.5p . 

Let us next consider C^'^\ It can be obtained from ()2.55p by collecting the terms quadratic in d 
from the derivatives T> and T>. It is given by 



£(2) 



-2d 



1 ,•^ 



7g g"^ g^^ i ^nr^n.^id Shi Q Sii SirS i S]r> 9 Skn SriS^jd Sril 9 S, 



^prCqsU Ckl 



l^CjgU Clp (J Ckq CfiOgjU Cpl (J Cqk 



g'^g^' (£ip£qSUd'^£ki + £pi£jqdPdd'^£ik) + ^g'' £ik£ud''dd'd 



(3.19) 



A crucial observation is that jC*-^-* is the T-dual version of in the following sense. Writing £ij = {£)ij 
with £ a matrix, we define the inverse 



kj 



3 ■ 



(3.20) 



The transformation £ ^ £ = £^^ is a special T-duality transformation (an inversion in all circles) 
with a = 0, 6 = 1, c = 1, and c? = 0. This implies M = —£ and M = £^. We can then use (I2.63p . with 
cjij corresponding to g'"^, to derive 



?ki 



?ik 



n 



g'^ = £^' ~gu£'' = £''gki£'' ■ 
The inverse of these relations are given by 

gki = £kig^^£ij = £ikg^^£ji 



(3.21) 



(3.22) 
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The Lagrangian C^'^\ as given in ()3.19p . can be obtained from C^'^^ given in (|3.17p by taking 



£ 



—r , g 
This is checked by verifying that 



9ij 



di 



d . 



£(2) = £(0) 



£, d, d 



-2d 



+ 2 did djg'^ +Ad'ddid 



(3.23) 



(3.24) 



Consider, for example, the last term in (|3.19p . By virtue of (j3.22p we see that it is equal to the last 
term in (f3?24]) : 



4e-2'^ g'^ Sik £ji d'^d &d = Ae'^"^ g^ d'd . 



9ij 



(3.25) 



It is straightforward to check that all other terms work out similarly, demonstrating the equality of 
this expression for C^'^^ with the one given in (j3.19p : this is a consequence of the T-duality invariance. 

Next we give the mixed action S^^\ which is obtained from (I2.55P by collecting all terms from the 
quadratic expressions in D, T> that have one ordinary derivative d and one tilde derivative d. The 
resulting Lagrangian is given by 

_|_ g^Pg^l (^j,^ dpd d^Sij — £pr 8^ d dqSij + £rp 8^ d OgSij — £qr Opd ff'Cji^ (3.26) 

-Sg'^ £^k d'^ddjd 

As before we decompose £ij = gij + bij, after which the Lagrangian reads 
1 



-2d 



g>-^gi^gPi Upr B'hki Ogbij - 2bir B^'bip Okbjq + bpr 8'' gu 9<j5ij - 26ir d^'gip dkgjq 



+ g' y-d^gip dkbjq - cPhp dkgjq + 2brq dkdd^'gip - 2bkr d^'d 
+ 2g'^ (djddHik - d^ddMi - ^hk d^ddjd 



(3.27) 



Because of T-duality C^^^ is invariant under the transformation (|3.23p . 

In order to check the full gauge invariance, we write the gauge transformation ()2.34p as 

6, = Sf + , 

where, again, the superscript denotes the number of tilde derivatives: 



(3.28) 

(3.29) 
(3.30) 



using the Lie derivative ()2.34p . Using (j2.36p we see that 5(0) and (J^^) are T-dual to each other. More 
precisely, under the transformation (j3.23p together with ^ o ,^ we have, for instance. 



(3.31) 
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Acting on ()3.15p with a gauge transformation, we infer that gauge invariance requires 



= 0, 
= 0, 

5(0)^(1) +5(1)5(0) ^ 0, 
5(1)5(1) +5(0)5(2) ^ 0, 



(3.32) 



The first condition is the standard gauge invariance of Einstein's theory coupled to a two-form and 
a dilaton. The second relation is the T-dual version of this statement, and follows from the first by 
virtue of (j3.24p . Similarly, the third and fourth relation are T-dual and thus equivalent. Therefore, 
the only non-trivial check is, say, the third condition, which we verify explicitly. 



analogous statements hold for the dual diffeomorphisms parameterized by ^j. Therefore, a large part 
of the variation is guaranteed to combine into total derivatives, and we only have to keep track of 
two types of structures during the variation. First, we have to focus on the terms in the gauge 
transformations (12.321) that are not of the form of a Lie derivative, as the non-linear terms in (I3.30p . 
Second, we have to compute the variations of terms that involve a partial derivative, since these do 
not transform purely with a Lie derivative. An explicit calculation, which we defer to appendix B, 
shows that all these variations cancel upon use of the strong form of the constraint did^ = 0. This 
proves the gauge invariance. 

4 Towards an 0(D,D) geometry 

Recall that in the definition (j2.65p of an 0{D, D) tensor, position-dependent M{X) and M{X) matrices 
control the transformation law. Due to this X-dependence, neither ordinary nor calligraphic derivatives 
of 0{D,D) tensors are 0{D,D) tensors. We introduce here ^0{D,D) covariant derivatives' that 
acting on 0{D,D) tensors yield 0{D,D) tensors. These derivatives will allow us to write the gauge 
transformations of £ij in a form similar to that of conventional gravity. Note that we make no claims 
for the covariance of our derivatives under gauge transformations. 

We then turn to the construction of an 0{D, D) scalar IZ that is also a scalar under gauge trans- 
formations: 5(TZ = ^^OmTZ- This scalar TZ is built from £ij and the dilaton d and each term contains 
two derivatives. Together with the density exp(— 2d) this scalar can be used to construct an action. 
Our investigation shows that this action is equivalent to the earlier one in p.55p : the two differ by a 
total derivative term. 

Finally, we investigate the relation between T-duality and gauge symmetries by asking to what 
extent the former can be seen as a special case of the latter. We stress that the gauge transformations 
are not diffeomorphisms on the doubled space. However, we will borrow the language of geometry, and 



In general, an action J e ^'^L constructed from a density e and a Lagrangian L that transforms 
as a scalar under diffeomorphisms is manifestly gauge invariant. More precisely, given 
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refer to the transformation 6^TZ = OmT^ as that of a scalar, and refer to covariance and curvatures 
in a mild abuse of language. 

4.1 0(D,D) covariant derivatives and gauge transformations 

We have already shown in ^2.41 that the gauge transformations are 0{D,D) covariant. Since these 
transformations involve derivatives they are a natural place to investigate how to make 0{D,D) 
covariance manifest by the use of covariant derivatives. We now introduce rji and fii gauge parameters 
similar to the original Aj and Aj in (I2.17p . but related to ^* and using £ instead of E: 

r,i = -ii + S^^e , rji = i^ + C^£ji ■ (4.1) 
As before, one can also show that 

e = l{v' + v'), (4.2) 

where the indices of rj and f] have been raised using g^^. Using the duality transformations (I2.77P of ^ 
and ^, it is a few lines of calculation to show that r] and f] are 0{D, D) tensors (with M = M{X),M = 
M{X) as usual): 

r?,(X) = M/r?;(X') , f^,{X) = M/ fj'^{X') . (4.3) 
We now rewrite the gauge transformation ()2.3ip as 

(4-4) 

= T^iiij + i £kj) + T^j{-ii + i £ik) + i dM^ij - C T^i^kj - C T^j^ik ■ 
The above can be rewritten in terms of r] and f] as follows: 

Reordering we have 

5£ij = Vifij - {T>i£kj + VjSik - VkSij) ff- 

(4.6) 

+ Vjm - - { VjSjk + ViSkj - Vk£ij)r]^ . 

We have underlined the terms that do not transform as 0{D, D) tensors. In the top line, T)if)j does 
not transform well because the derivative acts on the M that appears for the transformation of f). All 
T)£- or T)£- factors are tensors (as we proved earlier), but the contraction with f) on the first line does 
not respect the index type: the k index is unbarred on £ but barred in f). Similar remarks apply to 
the second line. We will show below that the non-covariant terms in the variation of the first line and 
in that of the second line in fact cancel, so that the transformation is covariant. 

It is natural to introduce Christoffel-like symbols and covariant derivatives. We define 

I (4.7) 
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With these we can define 0{D,D) covariant derivatives: 

Vi% = Vifjj - Tf. f]k , 

(4.8) 

These are 0{D, D) tensors, thus, for example Vj7/j transforms as an 0{D, D) tensor with an unbarred 
index i and a barred index j. With the use of the covariant derivatives the gauge transformations 
(|4.6p become the remarkable 

6£ij = Vifjj + Vj'ni. (4.9) 

This expression makes manifest the 0{D,D) covariance of the gauge transformations. 

Additional 0{D,D) covariant derivatives are needed for the remaining index structures. The 
following definitions are 0{D,D) covariant: 

_ \ (4.10) 

The covariant derivatives introduced above are metric compatible: 

V,5ifc = 0. (4.11) 

This is true both if we consider g to have two barred indices or two un-barred indices. For two barred 
indices, for example, we have 

Vi5jfc = Affjfc - gjj. - T\-^g-fi 

= 1^i9-fk - y^{'^i£p] + '^Ap - '^p£^9ik - y^{l^i£p-k + '^kSip - 'DpSf,)gji 

1 1 (4.12) 

= ^^9-fk - 2 i'^i^k] + ^Ak - ^k£i]) - 2 {l^i£fk + ^k£^J - VjSf^ 

= ^i9rk-\H£kj+£fk)=0. 

The dilaton gauge transformations ()1.3p can also be rewritten in terms of covariant derivatives and 
the 7], fj gauge parameters as follows: 

(5d = - ^ ( V, - i {Vn^p + W,d) ) - i ( Vi - i {V^pi + 43id) ) 7)' . (4.13) 

In finding this we used ViA> = T)iA> + T-'^^A^ and a similar equation for barred derivatives. The 
above transformations are not as simple as those for £ in (14. 9p and perhaps indicate that defining new 
connections could be useful. 

Let us conclude this section with a verification of the transformation properties claimed concerning 
the first line of (j4.6p . The term with the calligraphic derivative transforms as follows 

Vif), ^ M.^V'k (m.% ) =M,^ M/ V'^n'p + M>(P^M/ )77; . (4.14) 
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The underlined term is a non-covariant transformation. Let us now look at the transformation of the 
second underlined term in the first line of (14.60: 



V,£u, ^ -\ v'^M-Xm,^ M, ^M/{V'Xi) ■ (4.15) 

This is not covariant because the k indices on f] and £ are of different type, thus we get the matrix 
product M~^M which is not equal to the identity. We can, however, easily find the difference from 
unity: 

M-^M = M-^{M + (M - M)) = 1 + M^^{M - M) = 1 - 2M~^gc* , (4.16) 
where we used (|2.61|) to evaluate M — M. Using (|2.63|) we find that M^^g = g'M^ and therefore 

M~^M = l-2g'M^c^ = l + 2g'cM , (4.17) 

where we noted that cM = — M*c* (using cdf" = — dc*). Back in (j4.15p we get 



-In^ViS,, ^ -^f?'P(l + 25'cM);M,'=M/(Pl,£:;,) 



(4.18) 



The first term on the right-hand side is covariant, the second is not. For that one we use ()2.69p in 
reverse to transform the D'£' into a T>'£: 

1 



'=M/ {V',£'^i) - M, % V',{c£f. (4.19) 

where we used M* = d + c£. Finally, making use of (|4.14|) we see that the two non-covariant terms 
cancel exactly! As a result, the combination that transforms covariantly is 

1 



Vif],-;^n'^V,£kj ^ M.'^M/ {V'.vl) - Ifj'P (V'^S'^i) . (4.20) 



Aifci ^ Mi -A.J 

This is what we wanted to show. Note that this is the minimum combination that transforms covari- 
antly. The covariant derivative Vj includes two additional terms that transform covariantly. 



4.2 Curvature scalar 

In this section we will construct a curvature TZ that transforms as a scalar under gauge transformations 

S^TZ = ^^'dMn, (4.21) 

and we will show that the background-independent action (12.540 can be written in the Einstein-Hilbert 
like form 



S' = j dxdxe-^'^n{£,d) . (4.22) 
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The action ()4.22p is then clearly gauge invariant as e"^*^ is a density and 7^ is a scalar. We have seen 
that the dilaton is an 0{D,D) scalar (see (|2.59p ) and we will show that TZ is also an 0{D,D) scalar. 
It will then follow that the Lagrangian is an 0{D,D) scalar (as in (j2.74p ) and the action (j4.22p is 
0{D, D) invariant. We will refer to 7^ as a curvature, even though it does not arise here from the 
commutator of covariant derivatives. Indeed, TZ involves the dilaton d while the covariant derivatives 
V do not. A similar scalar curvature with a geometric origin was discussed by Siegel [5], and it would 
be interesting to understand better the relation with his curvature. 

To get some feeling for the structure of this curvature scalar, we start constructing it perturbatively, 
as a function 7^(e, d) built using the fluctuation fields eij and d. Expanding in fields, we write 

7^(e, d) = 7^(^) (e, d) + U^^^ (e, d) + . . . , (4.23) 

where a superscript (n) denotes a term of n'th order in fields. Splitting the gauge transformations 
similarly, 5 = 5^^^ + 5^^^ + . . ., the conditions that 7^ is a scalar give 



where we used (I2.17P to express the gauge parameters in terms of A, A. We require that the scalar TZ 
is invariant under the Z2 transformation 



Di^Di, Di^Di, d^d. (4.25) 



This is a symmetry of the action so it should be a symmetry of TZ. This symmetry simplifies the 
constraint of gauge covariance, making it sufficient to check the transformations with unbarred gauge 
parameter A. From eqn. (3.27) of [2] we read 

1 



{DX)ekj - {D''Xi)ekj + XkD^e 



1-3 



5(0)d =-\d-\, 5^^'^d= -(X-D)d . 
4 ' 2^ ^ 



(4.26) 



TZ^^^ is linear in the fields, has two derivatives, and must be left invariant by 6^^^ . The unique possibility, 
up to normalization, was determined in [3]: 

7^(^) (e, d) = 4D^d + D'&aj . (4.27) 

The calculation of TZ^"^^ uses the strong form of the constraint d^^ Om = 0. The result is: 

7^(2)(e, d) = - ADidD'd - Ae'WiDjd - 2 {D'eijD^d + D^djO'd) 

1 _ _ 1 _ _ 1 (4.28) 

Both 7^(l) and 7^(2) are 0{D, D) scalars because all index contractions are of the right kind. Since the 
aim of the construction is a scalar TZ such that (|4.22p is the action, we have verified that 

S' = j dxdx e~'^^TZ = J dxdx (7^(2) _ 2dTZ^^^ + ■■■), (4.29) 
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gives an action that to quadratic order in the fluctuations reproduces (j2.ip . 

We now extend this to all orders, using the strategy of ^2.3i We find a background- independent 
expression that is an 0{D, D) scalar that agrees with TiS^^ + 7^*-^^ to quadratic order. We then argue 
that this expression is the unique one with these properties and so this must be the desired curvature 
scalar. For any term with two derivatives on £ or on d, 0{D,D) covariance requires that the second 
derivative cannot be a P but must be an 0{D,D) covariant derivative V, introduced in ^4.11 We 
maintain the Z2 symmetry by introducing symmetrized combinations where necessary. The natural 
background-independent and 0(D, D) covariant term that agrees with the first term on the right-hand 
side of (I4.27P to lowest order then has the following expansion to second order in the fields 

2g'^ [ViVjd + V.iVjd) = 2 [D'^d + D'^d) - {D'e^j D^d + D^eij D'd) - Ae'WiDjd + ©(cubic). (4.30) 

Similarly, for the second term on the right-hand side of ()4.27p we find 

^g'''g^'{Vk'Di£ij+ViVk£^j) = eij --^{o^e'^ Die^j + D^e^' DiCj^) (4.31) 

_le^i (^D.D^ekj + DjO^Cik) + O(cubic) . 

In addition to reproducing the terms linear in the fields, we also obtain the structures quadratic in the 
fields that contain an undifferentiated eij. This was necessary for the construction to succeed: such 
terms cannot be added in background-independent form without giving unwanted terms linear in the 
fluctuations upon expansion about a constant background. 
So far, we have found that 

7^(1) + 7^(2) = [ViVjd + y^VJd) + ]^g'^g^^ {VM, + VlVk£^j) (4.32) 

-^DPe'WpCij - {D'cij D^d + & D'd) - AD'dDid + ©(cubic) . 

There are unique background independent expressions that give the terms on the second and third 
lines, at least to cubic order. Replacing the second and third lines with these gives the following 
candidate for the full curvature scalar: 

n{£,d) = 2{V'Vid + V'Vid) + ^{V'&£i,+V^V'£ij) (4.33) 
+^g'^ {V''£i^ V'£ki + V^£ji &£ik) - \g'^ [v'£ij V^£ki + vH^k) 

-^g'''g^^VP£ij Vp£ki - {V'£ij &d + &£ij V'd) - AV'dVid . 

This is background-independent and is an 0{D,D) scalar that is second-order in derivatives and 
which reduces to TZ^^^ + TZ^"^^ upon linearization. No additional terms can be added that have all 
these properties: if they are not to contribute to quadratic order, they cannot have more than two 
£^s since at least one would be undifferentiated, nor can they have more than two dilatons since an 
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undifferentiated dilaton violates tlie dilaton tlieorem. Then tliis must be the curvature scalar TZ. We 
now proceed to check that it has the required properties. 

The Lagrangian C for our action (j2.55p differs from e~'^'^TZ by a total derivative, so that the action 
S' in (|4.22p is equivalent to (j2.55p . Indeed, we show in appendix C that 



-2d 



n 



(4.34) 



where G^^ = {9i, 0*) transforms in the fundamental of 0{D, D) so that the last term on the right-hand 
side is an 0{D,D) scalar. The expressions for 6i and 9^ are given in appendix C. 

A rather surprising fact is that the equation of motion of the dilaton — obtained by a straightfor- 
ward variation of the action S in (|2.55p — is precisely 7^ = 0: 



6S = I dxdxe'^'^{-26d)n 



(4.35) 



As S and S' are the same up to total derivatives, both must give the same equations of motion. 
Varying the dilaton in S' gives 



6S' 



dxdx e 



-2d 



{-26d)n + dn 



(4.36) 



This must agree with the variation in (j4.35p and this requires that e~'^'^5TZ be a total derivative: the 
variation of the dilaton in IZ does not contribute to the equation of motion. The full equation of 
motion of the dilaton arises from the variation of exp(— 2(i) alone. 

Consider the case in which there is no dependence on x, so that all the terms in IZ involving d 
drop out. A calculation similar to that in ^3.11 using e"^'^ = \J—ger'^'^ shows that TZ reduces to 

1 



TZ 



8=0 



R + AOcj) - A{d(t>y 



12 



(4.37) 



The Lagrangian e "^"^TZ 



8=0 



defines the action 



dx^ 
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1 



i? + 400 - 4(9(^)2 - —H"^ 



(4.38) 



which differs by integrals of total derivatives from the familiar action S** in ()1.6I) . Moreover, one 
quickly verifies that the dilaton equation of motion arises from S*^ by solely varying the exponential 
exp{—2(j)). This is, of course, the same equation of motion that follows from 5*. 

The dilaton equation of motion of 5* can be expressed as a linear combination of graviton and 
dilaton beta-functions /3^- and P'^' of the associated two-dimensional sigma model. Using the formulae 
in §3.7 of [E], and a' = 1 we readily find that 



4^ ^" 



--{R + ^Uct)- 



12 ^ 



(4.39) 



Since e 



ge it follows that as the notation suggests, can be thought as the beta function 



for the T-duality invariant dilaton d. Thus, in the Lagrangian is proportional to the beta function 



of the dilaton d. Indeed, (3'^ was used in [T7j to write the spacetime action as / \J—ge ^^^'^^ 

note that, in contrast, the integrand of 5* is not proportional to a linear combination of beta functions. 
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4.3 T-duality and gauge invariance 



In this section we examine the relationship between the 0{D,D) duahty symmetry and the gauge 
symmetry of the theory we have constructed. We first consider the theory in R^'^ and focus on the 
infinitesimal form of the 0{D,D) transformations. We write the group element as 1 + T, with T in 
the Lie algebra, and use the basis 







e 





/ 



(4.40) 



where h is an arbitrary D x D matrix, while e and / are antisymmetric D x D matrices |f| From ()2.60p . 
the corresponding infinitesimal 0{D,D) transformations are given by 



If we write 



(4.41) 



h : 


£'{X') = 


£{X)+£{X)h^ + h£{X) 


e : 


£'{X') = 


£{X)+e, 


f- 


£'{X') = 


£{X) - £{X) f £{X) . 






__ -C^\X) , 



these transformations can be written as variations 5£{X) = £'{X) — £{X) that take the form 

^^^dM£ + £h* + h£ , 
C^dM£ + e , 
e'dM£-£f£ ■ 



6h£ 

6e£ 

5j£ 



(4.42) 



(4.43) 
(4.44) 
(4.45) 



The strong constraint implies that the fields are restricted to a null subspace A^. In the case in 
which the fields depend just on x and are independent of x, the constraint is satisfied by parameters 
that depend just on x and are independent of x. All other choices of are related to this by an 
0{D, D) transformation, so it is sufficient to consider this case. Choosing parameters 

1 



X- 



the gauge transformation (|2.3ip take the form 

^>'dk£ij + {£h' + h£) +e 



(4.46) 



(4.47) 



We see that the 0{D,D) transformations (I4.43P and (I4.44p arise from gauge transformations. This 
is the expected result that the infinitesimal GL(D, M) transformations with parameter h arise from 
diffeomorphisms and the constant shifts of the 6-field with parameter e from anti-symmetric tensor 
gauge transformations. Note that exponentiating the h transformations only generates a subgroup 
of GL{D,M) (with positive determinant). However, the full GL{D,M) symmetry in fact arises from 



We only use e, /, h in this way in this subsection, and this should not be confused with the uses of e, /, h elsewhere 
in the paper. 
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diffeomorphisms of the spacetime with coordinates x*. Thus, the GL{D,M.) x M-^(^~^)/2 'geometric 
subgroup' of 0{D, D) consisting of GL{D, M) transformations plus 6-shifts arises from gauge transfor- 
mations. 

Consider now the remaining infinitesimal 0{D,D) transformations with constant parameter /. A 
natural ansatz is to consider gauge transformations with parameters 

i = 0, e = -\Px, . (4.48) 

The constraint requires that O^^^^OmA = for all fields A, which here implies 

f^djA = (4.49) 

for all fields A. In general, the fields £, d will depend on all the coordinates and (|4.49p will have no 
solutions, so that the /-symmetries do not arise from gauge transformations. If the theory, however, 
is truncated to a subsector in which the fields are also independent of some of the coordinates x*, 
then some of the 0{D, D) transformations generated by /^-^ do arise from gauge symmetries. Suppose 
then that the D coordinates x* are split into d coordinates x"" and D — d coordinates x^, with a 
corresponding split Xi = (x^,Xa), and consider the truncation to the subsector in which the fields are 
independent of the d coordinates x" as well as independent of Xi . The fields £ij and d in the truncated 
sector then depend on x^ only, so that daA = for all fields A. We take the only non-vanishing 
components of f^^ to be giving gauge parameters 

I. = , e = e = -Ir'x, . (4.50) 

The constraint (I4.49P is now satisfied as daA = 0, and so ()4.50p leads to allowed gauge transformations 
in the truncated subsector. They read 

6^£ij = -{£f£),^= -£iar%j, (4.51) 

which agrees with (|4.45p using the fact that du^ij = for these parameters. 

The parameters hj' are generators of a GL{d,M) symmetry arising from diffeomorphisms acting 
on the x°, while the transformations generated by Cab arise from 6- field gauge transformations. Then 
the parameters hj' , Cab, f"''^ are generators of an 0{d,d) subgroup of the 0{D,D) symmetry. These 
infinitesimal 0{d,d) symmetries all arise from infinitesimal gauge transformations of the truncated 
theory, as we have seen. Thus the theory truncated to be independent of the x" (as well as Xj) has an 
0{d, d) symmetry that arises from gauge transformations. Strictly speaking, we have only shown this 
for the subgroup that arises from exponentiating infinitesimal generators. The remaining symmetries 
in 0{d, d) might be thought of as large gauge transformations - to understand this better would require 
knowledge of the finite form of the gauge symmetries. Note that the vector fields can be regarded 
as d commuting Killing vectors. 

We return now to the general case (without isometrics), where the h and e transformations generate 
a GL{D, M) txR^(^^^)/^ subgroup of the 0{D, D) symmetry that can arise from gauge transformations. 
If d of the D coordinates are compactified on a torus the spacetime is X T"^ and the 0{d,d) 



31 



subgroup of the 0{D,D) symmetry acting on the toroidal directions is broken to 0{d,d;Z) by the 
periodic boundary conditions. Then a GL{d, Z) k 'Z'^^'^^^')/'^ subgroup of 0{d, d; Z) arises through (large) 
gauge transformations. Indeed, GL{d, Z) is the familiar mapping class group of large diffeomorphisms 
of T'^. In Kaluza-Klein compactification, one considers the truncation of the theory to the subsector 
of fields that are independent of d toroidal coordinates. As there is no dependence on the d toroidal 
coordinates, this is the same as the truncation of the theory on M" x to fields on M" considered 
above. This truncated theory has a continuous 0{d, d) symmetry and we have already seen that this 
is generated by gauge transformations on M" x M.'^. However, these are not gauge transformations of 
the theory on R" x T'^; at most the discrete subgroup 0((i, d;Z) can arise from gauge symmetries of 
the theory on W xT'^. 

The previous discussion sheds an interesting light on the symmetries of Kaluza-Klein theory. Any 
gravity theory reduced on a d-torus has a GL{d, M) symmetry [26]. The truncated theory is the same as 
the theory in which the internal torus is replaced by M'^ with no dependence on the extra d coordinates, 
and the GL{d,M.) symmetry is then a remnant of the ordinary diffeomorphism symmetry of M'^. Only 
a discrete subgroup GL{d, Z) is inherited from diffeomorphisms of the internal space T'^. Similarly, 
the continuous shift symmetry of the internal two-form is a remnant of the abelian gauge symmetry 
of the Kalb-Ramond field on W^, and again only a discrete subgroup is properly a consequence of the 
gauge symmetry on T'^. The most interesting symmetries are the non- linear transformations (denoted 
by / in ()4.40p ). which complete the GL{d) and shift symmetries to the duality group 0{d,d). These 
do not have a higher-dimensional explanation in the usual formulation and are often referred to as 
'hidden symmetries', see, e.g., |25tl27j and references therein. These are now seen as arising from gauge 
transformations of the double field theory. For the Kaluza-Klein theory on M" x T'^, the 0{d, d; Z) 
transformations are precisely the so-called Buscher rules [301 [31]. We should stress, however, that at 
best only the discrete subgroup 0{d, d; Z) arises from gauge transformation of the theory on x T'^, 
and to complete the proof of this would require knowledge of the so far unknown finite form of the 
gauge transformations. 

5 Concluding remarks 

In this paper, we have extended spacetime by introducing extra coordinates x and constructed a theory 
in the doubled space that is 0{D, D) invariant and which reduces to the conventional theory of Einstein 
gravity plus antisymmetric tensor plus dilaton when the fields are restricted to be independent of the 
extra coordinates x. As such, it could be viewed as an 0{D, D) covariantization of the usual theory 
in which a dependence on dual coordinates x is introduced and an 0{D,D) invariant constraint that 
effectively removes this dependence is imposed. 

The theory has a remarkable 0{D,D) duality symmetry in flat space, broken to a subgroup 
containing the T-duality group 0{d, d; Z) when d dimensions are compactified to form a d-torus. Not 
only are g and b mixed by this symmetry, but the diffeomorphism and antisymmetric tensor gauge 
parameters are also rotated into each other. The T-duality transformations are a generalisation of the 
usual Buscher transformations to the case in which the fields can have arbitrary dependence on the 
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toroidal coordinates. 

The full double field theory that arises from the massless sector of closed string theory is expected 
to have many novel features, as we have discussed elsewhere [2l |3]. Our construction here can be 
viewed as a reduction of the complete double field theory using our strong constraint, or equivalently 
restricting to a totally null subspace. We view our construction as an important step towards the 
elucidation of the full theory. 

An important feature of (11. ip is the background independence. Our construction has been based 
on a flat doubled space with possible toroidal identifications, but it is interesting to ask whether 
it could have a wider validity to more general double spaces. The action uses double coordinates 
together with a way of splitting the 2D vector indices into two sets of indices, so that a vector 
decomposes as V^'^ = {vi,v^), allowing quantities with i,j indices such as Sij to be defined. This index 
splitting requires that the double space admit an almost local product structure. The constraint uses 
an 0{D,D) metric ??. Here it is a constant metric and the existence of this flat metric restricts the 
double space to be a flat space, given by or obtained from it by suitable identifications. It would 
be interesting to seek generalisations to more general spaces in which the constraint involves a non-flat 
metric of signature {D,D). For example, there is some evidence that doubled groups should play a 
role in formulating less trivial string backgrounds in this context |19l I20| . It would be of considerable 
interest to seek an extension of this formalism that was applicable to spaces with a torus fibration or 
to T-folds; in both cases, it is expected that double geometry should play a useful role [2T| [22]. 

It is interesting to discuss the relation of our work to that in non-symmetric gravity theories |16j . 
A geometric action for a theory based on a non-symmetric tensor £ is usually taken to involve the 
use of £ and its inverse to define curvatures and torsions and contract indices. A theory of the type 
R + H'^ + ... that appears in string theory requires an infinite number of geometrical terms and is 
thus not considered natural in that framework [16]. Such actions generally have a problem: if £ is 
used to contract indices, the antisymmetric tensor b appears without derivatives, which violates gauge 
invariance. Our theory avoids this problem by using g = ^{£ + <f*) to contract indices. 

The fields g and b transform independently under diffeomorphisms, so that £ = g + b transforms 
reducibly. In contrast, the double field theory constructed in this paper admits an enlarged gauge sym- 
metry, under which the symmetric and antisymmetric part £ij transform into each other. Moreover, 
the 0{D,D) symmetry acts irreducibly on £. Therefore, the action (jl.ip can be seen as a geometrical 
unification of metric and 2-form, even though it would not be considered geometrical in the sense 
of [H] because we contract indices using the inverse metric g^^ instead of the inverse of £ij. For us, 
using g'^^ is natural — it is an 0{D, D) tensor and does not involve bij. If there had been inverses of £ij 
appearing without derivatives, there would be terms with undifferentiated bij fields which could not 
be gauge invariant. A gauge invariant action cannot be constructed using £ij alone, and introducing 
the dilaton d is essential for gauge invariance. 

There remain a number of issues to be investigated. We have made some preliminary remarks 
about a possible 0{D,D) geometry, but it is important to understand fully the geometry underlying 
our theory, its symmetries, and the 'scalar curvature' that appears in the action. One geometry has 
been proposed in this context by Siegel [5] , and generalised geometry O [51 [9l [lOl [11] might provide 
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a useful geometric framework. It would be interesting to understand whether our construction fits 
within either of these geometric structures. 

There are a number of natural directions in which this research might be developed. It would be 
interesting to extend the field content to incorporate the RR p-form gauge fields of type II supergravity. 
Another interesting generalisation would be to try to go beyond the T-duality group 0{D,D) and 
'geometrize' the exceptional U-duality groups that arise in compactifications of the full type II theory. 
In [21] , it was proposed that the double torus representing momentum and string winding modes had 
a natural generalisation to a higher torus representing brane wrapping modes as well, with a natural 
action of the U-duality group on it [32j. For toroidal compactifications to 4 dimensions, for example, 
the appropriate torus is 56-dimensional with a natural action of the U-duality group Ej['L) \n\ I21j . 
Generalisations of generalised geometry were proposed in [23] and developed in [24| in which 0{D,D) 
was replaced by U-duality groups; see also [33]. Such geometries may play a key role in U-duality 
generalisations of our present work. 

Acknowledgments 

We are happy to acknowledge helpful correspondence with Marco Gualtieri and discussions with 
Matthew Headrick, Hermann Nicolai, Ashoke Sen, and Dan Waldram. This work is supported by the 
U.S. Department of Energy (DoE) under the cooperative research agreement DE-FG02-05ER41360. 
The work of OH is supported by the DFG - The German Science Foundation. 

A Derivation of the background independent gauge transformations 

In this appendix, we give some of the details of the derivation of the background independent gauge 
transformations given in section 12.21 using results from [3] . 
Recall that the full background independent field is 



with a constant background Eij and a fiuctuation field eij related to the double field theory fluctuation 
eij by the matrix relation 




(A.l) 



e = F{e)e = eF{e) = /(e) 



(A.2) 



where the function F{e) is given by 




(A.3) 



It is an immediate consequence of the definitions that e and e commute: 



e e = 



e e . 



(A.4) 



It follows that 




(A.5) 
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The above leads to 

11 , 

e — e = - ee = -ee , (A. 6) 

2 2' ^ ^ 

and one readily verifies that 

;i + i^)(i-i^) = i. (A.7) 

Varying ()A.6P and using ()A.7p we find a relation between arbitrary variations, 

5e={l-^e)6e{l-^e). (A.8) 

Then for any variation or derivative 

S£ = 6e = F6eF . (A.9) 
It will be useful to split the variation in (j2.20p into a transport variation 5t given by 

Srcij = ^{X-D + ~X- D)eij , (A.IO) 

and the rest Sr, so that 5e = dxe + Src. Then we find 

6t£ = FSreF = ]^F[{\-D + \- D)e] F= ^ (A • L> + A • D)E , (A.ll) 

using that (1X9]) implies D£ = F{De)F, etc. Thus, 



Next, we consider 



which implies 



SrSij = l-{X-D + \-D%, . (A. 12) 



SRCij = Di'Xj + DjXi + ^ (A A'') ekj + ^eik DfX^ , (A. 13) 



Fji . (A.14) 



SrSh — Fki 
We now claim that the derivatives 

Vi = FijDj , Vi = Fjibj , (A. 15) 

agree with the previous definitions, as they are given by 

Vi = di-Sikd'', Vi = di+Skid'' . (A.16) 
This is readily confirmed. For example, 

V = F{D- ^eD) = FD- ^fD = (1 + ^f)D - ^fD (A.17) 
= D-^f{D-D) = D-ed = d - £d , 
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where we used l + y = F. Then ([Oil) can be rewritten as 

SrSm = FjiVk'Xj + FkiViXi + ^ (PkXn e„i + ^e^m ^(A™ . (A.18) 
Using 1 + 1/ = F this can be further rewritten as 

SrSh = VkXi + ViXk + ^e^iViX" + \ekm'DiX'^ + \ (P^X^^) Smi + ^ekm ^/A"^ • (A.19) 
We then infer 

SrSm = VkXi + ViXk + ^e^iVkCX"" + A'") + ^e.^PKA'" + A™) . (A.20) 

Next we rewrite this in terms of the gauge parameters First, using ^(A"* + A'") = ^"^ we 

have 



^rSm = T^kXl + T>iXk + {£ml — Ejnl)T>k£J^ + {£km — Ekm)T^ii^ 

= T^k{Xl - EmlC^) + Vi{Xk - -EfcmC™") + £ml^kC^ + ^kmPlC 

Using further the inverse relations ()2.17p one finds 

X-Ei = -i + Ei-Ei = -t 

This gives the final result for the gauge transformations 



(A.21) 



(A.22) 



5£^j = Vdj - Vjii + V.C'^Skj + 'DJ(^£^k + ^{X-D + X-D)£ij . (A.23) 

The only terms that look out of place here are those in the last term, the transport one. They are 
easily seen, however, to be equal to ^^di + ^^5* = ^'^^Om- Then the gauge transformation can be 
rewritten as 

6£ij = Viij - Vjii + ^^'dMSij + ViC'^Skj + Vj^^'Sik , (A.24) 
which is the final form used in the main text. 

B Explicit check of gauge invariance 

As a warm-up we begin by checking that the action S^^^ in (jS.lSp is gauge invariant under S^^\ This, 
of course, is guaranteed to work. As explained in the main text, the strategy will be to keep track 
only of those transformations that do not take the form of a Lie derivative and that are therefore not 
guaranteed to yield terms that combine into total derivatives. For the variation 6^^^C^^^ it is therefore 
sufficient to focus on the terms that involve a partial derivative. For the variations of the partial 
derivatives we use 

S{dpgki) = C(.{dpgki) + dpSk^"^ giq + dpdii'^ gkq , (B.l) 
5{did) = C^{did)-]^didje : 
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where the Lie derivative represents the covariant terms. We do not have to vary the term 
because the 3-form field strength transforms covariantly. The variation reads 



+ d.Qik g^'d^die - d^dkC m (B.2) 
+ 2d'ddjdie + 2didg^^dkdie - ^d'ddidji 



Commuting partial derivatives and relabeling the indices, we see that the two terms in the first line 
cancel and that two terms in the last line combine. Since ultimately we have to partially integrate it 
is convenient to rewrite terms in the last line as derivatives on e"^'^. In total we get 

5/:^°) = e-^''(g^'g'^d,gikd,die-g'^g^'djd,edm) (B.3) 
+g'^dj (e-^'') did.C" - g'^di (e-2rf) dkdiC • 



Here all metrics are written explicitly. If we use g^^ g^-' dqgik = —dqg^^, etc., the terms in the first line 
can be written up to total derivatives as 



-e-'^dJ^djdiC' = dq(^,'^''jg^'djdiC'' + e-^''g'^didjdg^i , (B.4) 



The terms with d^S^ cancel each other, while the terms with d (e~^'^) cancel against the terms in the 
second line of ()B.3p . Thus, as expected, 6C^^^ = follows. 

We now turn to the proof of full gauge invariance using the derivative expansion (j3.15p . As 
we stated in the main text, it is sufficient to verify the third condition in ()3.32p . For this, it is 
convenient to simplify the expression for 5(1) given in ()3.27p . Upon relabeling of indices, the terms 
cubic in b can be rewritten in a form that is proportional to the invariant field strength Hij^. To 
identify terms unambiguously we rewrite every term with a single dilaton derivative term according 
to e~'^'^did = — ic?j(e~^'^) and then partially integrate in order to move the derivative away from the 
dilaton. This leads to further simplifications and the final form of C^^^ reads 

C^^^ = e-'' [ ^5''<?^'/' [hr d^'b.p Hkiq + bpr d'gki d^gij - 26;, d'-g.p d^g^g) 

- g'^gP'^ d^hp dkgjq + 26,, djB'g'^ + 28%^ djg'^ (B-5) 
+ 2g'^d,d%k + d'^g'^ d.bjk - 8g'^ hk d'^ddjd ] + (td) . 



We do the same with the single dilaton derivative in £.^^\ 



= e-^''(^--g^''g^'dPgMdpg,, + -g'''d^g,kd^gj^ 



J 



- did.g'^ + Ad' d did - —W^'^H.jk) + (td) . 



(B.6) 



For simplicity we begin the check of gauge invariance with only non-zero. To vary 

£(1) 

we use 

S^^^bij = di^j — dj^i, while 6^^^ is trivial on all other fields. Thus we have to vary only the 6's inside 
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(jB.Sp . For the variation of C^^^ under 5^^^ we use 

S^^^Qi, =C^gij, = C^bij, = i.d'd-^d'ii, (B.7) 

where denote the Lie derivative with respect to the 'dual diffeomorphism' parameter ^j. Moreover, 
the dilaton transforms as a density under these dual diffeomorphisms. Again, it is guaranteed that all 
variations that are covariant in this sense combine into the total derivative d^{^iC). Since we have an 
integration over dx, these total derivatives can be ignored. We only have to work out the variations 
that are non-covariant (in the dual sense), and the only source for those terms are partial derivatives. 
Even the H field is not covariant anymore under the dual diffeomorphisms: 

6f^Hijk = C^H,,k + ^dP^ii d\p\bjk] + Sd[d\p\ ~d%,k] + Qd^dnj • (B.8) 
For the partial derivatives of gij, bij, and d one finds 

i^idjk) = ^^{digjk) + d^ii dpgjk + di^p d^gjk - 2didPi(^jgk)p , (B.9) 
4'^ = J^^idibjk) + d^ii dpbjk + d^ip d%k + 2a,aP|y , (B.IO) 

4'^ (9.5^') = C^{dig^^) +dPiidpg^^ + dip~dPg^^ + 2gP^^di~d^yip , (B.ll) 

5f{did) = c^{did) + ~d''i,dkd + d^ikd''d-hid^ik- (B.12) 

Finally, we need the variation of the double (partial) divergence of 5'-^, 

4'^ {did.g'^) = C^{did,g'^) + 2didjg'P B^ip + 25^^ BPdjg'^ + 2djg'P OiB^ip + d^djip B^g'^ . (B.13) 

It is now straightforward to vary the partial derivatives in C^^^^ by the non-covariant terms given here 
and the bij in C^^^ according to the standard abelian 2-form transformations. To see how this gauge 
invariance works let us illustrate the cancellation for the terms quadratic in derivatives on d. Varying 
these terms in C^^^ and C^^^ one finds 

SWCW + 5{i)£{0) = 5(0) (-8e-2V^6,fc5^da,d) + 6^'^ (^Ae-'^g'^ddd.d) (B.14) 

= 8e-^''d'd (dki B^d - dik B'^d + B'^i dkd + d^k B^a - \diB^l, 



8e-2^aV (dkli B^d + B^li dkd) - Ae-'^'^d'ddiB^lk 



where in the last equation we used the constraint and performed a partial integration. As stated, 
all terms quadratic in d have cancelled. The remaining structures cancel against other contributions. 
Indeed, one may check that all remaining variations cancel without performing partial integrations 
since we have fixed the possible total-derivative ambiguity by moving all derivatives away from the 
dilaton. This proves full gauge invariance under ^j. 
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Let us now turn to gauge invariance under As before, we split £ij = gij + bij. With only ^* 
non- vanishing 6^^^ takes the form of the standard diffeomorphism symmetry, 

6f^g,j = C^g.j, 6fbij = C^hj , sf^d = - ^diC , (B.15) 

with the dilaton transforming as a density. Thus, in S^^^ we only have to vary the terms that involve 
partial derivatives and therefore transform non-covariantly. For this we use (jB.ip together with 

£5 {d'bjp) + d%p dkC + d'C'dkb.p - 29^%e' , (B.16) 

£g {d'^g'^) + dPg'^ dpi'' + d^'e dpg'^ - 29^ 9^^^^ g^^P , (B.17) 

£g {d^'d) + dPd dpC'' + d'^e djd - ^d'^dj^ , (B.18) 

{d'9ki) + dPgM dpC + d'-e dpgu + 28' 8^^^ 9i)p , (B.19) 

C^{d^bjk) -2d^8yeh]p, (B.20) 

£5 {d'd.g'^) + dP8,g'^ dpC + dp8,g'^ - d.g^^ d'dpC (B.21) 
-d'-gP^ dj8pe - gP^d''dj8pe - d^'g'P dpdje - g'^d^'dpdje , 

+ didue d%p + due did%p + d.dje d%k (B.22) 
+8id''e dpb.k + d'^e didpb.k + 8id''dje bpk - d'^dje Oibkp . 

Next, we look at 6^^\ It acts trivially on d, while on g and b we find the non-linear transformations 

6fg,, = 2{^'^i'-^'e)9k(^b,)l, (B.23) 
Sfg'' = -{d'e-d''e)9%k + {i^j), (B.24) 
Sfbij = g„,{d'e -d''t)9i3+bik{d'e -d'^i.^j . (B.25) 

The variation 5^'^'^ C^'^'^ is lengthy because we have to vary the metric everywhere, not only under 
partial derivatives. For this it is convenient to slightly rewrite vC*-"-* with less appearances of metrics 
and inverse metrics, 

£(0) = ^~2d(^^gP,Q^g^, Q^g,^ _ l^g^Q.^^i ^^^^^ _ Q^Q^^^^ + ^g^3d,dd,d - ^g'^g^Pg^m.^kHip,) . (B.26) 

Here we need to vary everything under 5^^^ as given in ()B.23P - ()B.25p . Then we have to vary all 
terms involving partial derivatives in (jB.Sp according to (|B.ip and ()B.16p - ()B.22p . A tedious but 
straightforward calculation then shows that these two sets of variations precisely cancel, thus proving 
gauge invariance. 

C Properties of the curvature scalar 

In section §4.2l we defined a curvature scalar TZ and claimed that it transforms as (I4.2ip . and that the 
action ()4.22p is equivalent to ()2.54p . We also claimed that the dilaton equation of motion is precisely 
TZ = 0. In this appendix we verify these claims. 



6f\d'b,p) = 

6f\d''g'^) = 

sfid'^d) = 

Sfid'gki) = 

6f\8ib,k) = 

6f{d''djg'^) = 

6f{8,d%k) = 
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We first test these ideas for S^^\ We add a total derivative to the corresponding Lagrangian 
density C^^^ in (j3.18p . so that the dilaton equation arises just by varying the exponential prefactor. 
Then we confirm that the resulting Lagrangian density C'^^^ agrees with TZ, also evaluated to leading 
order in the tilde-derivative expansion. Indeed, choosing the total derivative term 



(0) 



(C.27) 



leads to 



/(o) 



-2d 



+ A{-d'dd^gij - d'ddid + g'^didjd) 



(C.28) 



It is straighforward to confirm that the variation of d in the terms on the last line of the above equation 
yields a total derivative. This confirms that the dilaton equation of motion that results from C'^'^^ is 
obtained by varying only the dilaton exponential; the equation of motion is simply the vanishing of 
the terms within square brackets. 

It is natural to expect that C'^^^ is the Lagrangian associated with S', when tilde-derivatives are 
set to zero. To confirm this we evaluate TZ for d = 0. A computation starting with (j4.33p gives 



n 



2 U 



2 



did + g 



ip 



pk 



did 



+ 2 t 



kp 



P 2 "P^ 



-J^g^'d^ki dpSij - 2d^gij d'd - Ad' d did . 



(C.29) 



Collecting terms this becomes 



9=0 



4:{-d'dd^g,j - d'ddid + g'^ didjd) 

+\g'^ (d^Si, + dH,i d'E,^ - \g'^ (d'Si^ dH^, + d'E.i dH.^^ 
--J^ (dHkj d'£u + d^Sjk d'£i^ - -J^g^'d^Ski d^E,, + d'dha • 



A short calculation then shows that, as expected. 



(0) 



-2d 



TZ 



9=0 



(C.30) 



(C.31) 



So far we have proved that e '^'^TZ and the original Lagrangian £ differ only by a total derivative 
when restricted to 9 = 0. Indeed, combining ()C.27p and ()C.3ip we get 



9=0 



£ 



9=0 



(C.32) 



40 



We now state a simple but useful lemma. Given two 0{D,D) scalars A{x,x) and B{x,x) that differ 
by total derivative terms, then after an 0{D, D) transformation they again differ by total derivative 
terms. The proof is immediate. Let the scalars A, B differ by total derivative terms in the (x, x) frame, 

A{x,x) = B{x,x)+diF' + d'Fi. (C.33) 

Being 0(1?, D) scalars we have A{x, x) = A'{x' , x') and B{x, x) = B'{x', x'), so that the above becomes 

A'{x', x') = B'{x', i') + diF' + d'Fi . (C.34) 

Recall now that under an 0{D, D) transformation (j2.56p the derivatives d^^ = {di , 9*) transform as 



d'j~[c dj [di ^ iaj ~ ic* a* J la' 



(C.35) 



Since a, b, c, d are constant matrices, the total derivative terms in ()C.34p remain total derivatives in 
the primed variables. This proves the lemma. 

Returning to our application, consider the two 0{D,D) scalars: C and e~'^'^TZ. Given the strong 
constraint, one can always use an 0{D,D) transformation to rotate into a frame where fields have no 
X dependence, allowing us to set d = 0. In this frame we have verified that the two scalars differ by 
a total derivative. The lemma implies that the original Lagrangians C and e~^'^TZ differed by a total 
derivative before the 0{D,D) transformation. 

We can describe the general form of the total derivatives more explicitly by writing 

e-^'^TZ = C + OmQ^^ ■ (C.36) 

The last term on the right-hand side must be an 0{D, D) scalar since the other two terms are. This 
happens if 0*^ = {9i,9^) transforms in the fundamental of 0{D,D). The components of 0*^ can be 
constructed as 

e' = ^i-Y' + r) , e, = ^{£^,Y^+g,^Y^) , (C.37) 

where Y and Y, to be determined below, transform with M and M and are therefore 0{D, D) tensors 
in the sense of ^2.4[ This ensures that 0^"'^ transforms in the fundamental of 0{D, D). This statement 
should be compared with equations (j2.3U|) that relate Dm = (9*,9i) transforming in the fundamental 
to V and V transforming with M and M, respectively. For these variables the proof was given in §4.2 
of [2], and this proof readily extends to any 0*^ defined as in (IC.37h . Specifically, here we have 



r = -e-2V^ (4P,d + /'Pfc£:,,j , (C.38) 
Y' = e-^V^' (4P,d + /'2?fcfi,) . (C.39) 



These expressions are fixed by the requirement that they transform covariantly under 0{D,D), i.e., 
with M and M, and that 6^ correctly reduces to (IC.27P for d = 0. As a consistency check one may 
verify that 6i reduces for 3 = to the T-dual expression, the one which is obtained from ()C.27p by 
mapping iS — )• iS, 3 — )• 9 as in §3.2[ 
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We now relate £'^^^ or TZ\g_Q to the standard quantities in the conventional action. A calculation 
similar to that in §3.11 gives 

7^ . = R + 400 - 4:{d(t>f - . (C.40) 

9=0 12 
This means that to zeroth-order in the tilde derivative expansion we have 

Si = j dx./^e-'^'^ R + 4a(t>-4{d4>f - . (C.41) 

Equation (|C.40p also gives further evidence that 7^ is a scalar under gauge transformations. We use 
an 0{D,D) transformation to fields with no x dependence so that TZ takes the above form, and the 
gauge transformations become the familiar ones for which the right-hand side is clearly a scalar. 
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